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ON A SOLVABILITY OF THE NONLINEAR INVERSE BOUNDARY
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Abstract. We study the classical solution of the nonlinear inverse boundary value problem for the sixth-order
Boussinesq equation with double dispersion. The essence of the problem is that it is required together with the
solution to determine the unknown coefficient. The problem is considered in a rectangular area. To solve the
considered problem, the transition from the original inverse problem to some auxiliary inverse problem is carried
out. The existence and uniqueness of a solution to the auxiliary problem are proved with the help of contracted
mappings. Then the transition to the original inverse problem is made, as a result, a conclusion is made about

the solvability of the original inverse problem.
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1 Introduction

The theory of inverse problems for the differential equations is a dynamically developing branch
of mathematics. Inverse problems arise in various areas of human activity such as seismology,
mineral exploration, biology, medicine, quality control of industrial products, etc., which puts
them among the topical problems. The presence of additional unknown functions in the inverse
problems requires some additional redefinition conditions are also given. The fundamental works
in studying the inverse problems both from theoretical and practical points of view belong to
outstanding scientists A.N. Tikhonov, M.M. Lavrentiev, V.K. Ivanov and their students.

The sixth-order Boussinesq equation with double dispersion describes motion of waves on
water with a stress surface and was considered by Schneider and Eugene in (Ivanov, 1962).
Various boundary value problems for the Boussinesq type equation were studied in (Polat, 2008;
Xu et al., 2008; Polat & Ertas, 2009; Lin et al., 2009; Wang, 2016; Wang & Esfahani, 2014).
Various inverse problems for certain types of partial differential equations have been studied
in many works (Kamynin, 2013; 2018; 2020). For the Boussinesq equation of the sixth order,
inverse problems were considered in (Farajov, 2021a; 2021b; 2021c; Mehraliyev & Farajov, 2021).

In this paper we consider the inverse problem for the sixth-order Boussinesq equation with
double dispersion, where, along with the solution, an unknown coefficient should also be found.

2 Formulation of the problem and its equivalent form

Let Dp = {(z,t) : 0 <z <1, 0<t<T}and f(z,t), p(x), ¥(z), h(t) are given func-
tions defined for x € [0,1], ¢ € [0,T]. Consider the following inverse problem: to find a pair

IN
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{u(z,t), a(t)} of the functions u(x,t), a(t) satisfying the equation

utt(J:a t) - uzx(xa t) - uttxm(l'a t) + U:m:mc($a t) + Uttmzxx(xy t) =

— a(tyulz, 1) + (1) 1)
with initial
u(z,0) = p(z), u(z,0)=v() (0<z<1) (2)
and boundary conditions
Ug(0,8) = u(1,t) = Uger(0,t) = uze(1,8) =0 (0<t<T) (3)
and with additional condition
u(0,t) = h(t) (0<t<T), (4)

Introduce the designation
C~'4’2(DT) = {u($, t) : u(z,t) € CH(Dr), tpree(T,1), Ustzzee (x, t € C(Dr) }

Definition 1. A pair {u(z,t),a(t)} of the functions u(x,t) € C*2(Dr) and a(t) € C[0,T)]
satisfying equation (1) in Dy, condition (2) in [0,1] and conditions (3)-(4) in [0,T] we call a
classical solution to boundary value (1)-(4).

We prove the following
Theorem 1. Let f(x,t) € C(Dr), o(z), ¥(x) € C[0,1], h(t) € C?[0,T], h(t) #0 (0 <t < T)

and the matching conditions

(0) = h(0), 1(0) = 1'(0) .
are satisfied. Then the problem of finding a classical solution to problem (1)-(4) is equivalent to
the problem of determining the functions u(x,t) € C*2(D7) and a(t) € C[0,T] from (1)-(3) and

h”(t) - u:0$(07 t) - utth(07 t) + uzz:v:v(oa t) +

Ftgtaenn(0,1) = a(t)h(t) + £(0,8) (0 <t < T). (5)

Proof. Let {u(z,t),a(t)} be a classical solution to problem (1)-(4). Since h(t) € C2[0, T), differ-
entiating (4) two times over ¢ we get

w(0,8) = h'(t) , wu(0,t)=h"(t) (0<t<T). (6)
Taking x = 0 in equation (1) we find

utt(oa t) - umx(oa t) - uttmm(07 t) + uzmrx(oa t) + utthmm(07 t) =

= a(t)u(0,t) + £(0,t) (0<t<T). (7)

From this considering (4) and (6) we arrive at (5).
Now let’s suppose that {u(z,t),a(t)} is a solution of problem (1)-(3), (5). Then from (5)
and (7) we get

2
%(U(O,t) —h(t)) = a(®)(u(0,t) = h(t)) (0<t<T) (8)
Considering (2) and ¢(0) = h(0), ¥(0) = h'(0) we have

u(w,0) — 1'(0) = (0) — h'(0) =0 . (9)

From (8), taking into account (9), it is clear that condition (4) is also satisfied. The theorem is
proved. ]
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3 Solvability of the inverse boundary value problem

The first component u(x,t) of the solution {u(x,t),a(t)} to problem (1)-(3), (5) we seek in the
form

= Zuk(t) COS A\, T ()\k = g(2k — 1)) , (10)
k=1

where .
ug(t) = 2/ u(x,t) cos \gxdr (k=1,2,...).

0
Then applying the formal Fourier scheme, from (1) and (2) we obtain

(L4 N} + Xpup(t) + (A + Np)ug(t) == Fi(tiu,a) (0<t<T;k=1,2,..), (11)

where

1
Fr(tiu, a) = a(t)us(t) + fa(t) Jﬂﬂ—?lfwjkwnwm,

1 1
Y = 2/ o(x) cos \pzdr, Y = 2/ P(x)cos \gxdr (kK =1,2,...).
0 0

Solving problem (11)-(12) we find

1
ug(t) = @ cos Bt + ——p sin Bit +

Bk
1 t
+5k(1 pY +)\4)/0 Fy(7;u,a,)sin Bg(t — 7)dr (k = 1,2,...), (13)
kT Nk
where A2 2
+
B = Tk (k=1,2,..).
1+ X2+

After substitution of the expression ug(t) (k = 1,2,...) into (10) for the determination of
u(z,t) we get

o0
1
u(w,t) = Z {@k cos Bt + ——Ypsin Gyt +

P B

1
+
Br(1+ A7 + X,

Now from (5) taking into account (10) we have

] /t Fy(t;u,a,)sin B (t — T)dT} COS A\, T. (14)
0

a(t) = [p(t)]” {h" )+ DR+ AW (0) + u(t ))uk(t)}- (15)
k=1

Consideration of (13) in (11) gives

(AR + A0) (u(t) + ue(t)) = —up(t) + Fi(t;u,a,b) =
A2+ Y 1
="k "k t 1——+«+—— | FL(t; b) =
1+)\2+)\4 k()+( 1+)\z+)\%> k(,uaaa)
A2+ AL A2+ AL

2 2 . N
- m ui(t) ka(t u,a,b) = Brug(t) + By Fr(t;u, a,b) =
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1
= Bruk(t) + BpFr(t;u, a,b) == 7 [wk cos Byt + 3, esin Brt+
k

1

+
Bi(L+ A2 + A

t
/ Fy(1;u,a,b)sin B (t — T)d’]’:| + Bng(t; u,a,b),
0

k=1,2,.., 0<t<T.

To obtain an equation for the second component a(t) of the solution {u(x,t),a(t)} we put the
last relation into (15)

a(t) = [h(t)]_l {h/l(t) Zﬁk |:<,0k cos Bit + B @ij sin Bit+
k=1
1 t
+ Bl X2+ AT /0 Fy.(tyu, p) sin By (t — 7)dt + Fi.(t; u, a, b)] } : (16)

Thus, solution of problem (1)-(3), (5) is reduced to the solution of system (14), (16) with respect
to the unknown functions u(z,t) and a(t).

To study the problem of the uniqueness of the solution of problem (1)-(3), (5), the following
lemma plays an important role.

Lemma 1. If {u(x,t),a(t)} is arbitrary classical solution of problem (1)-(3), (5), then the
function

1
up(t) = 2/ u(x,t) cos \pxdr (k=1,2,...)
0
satisfies system (13) in [0,T].

Proof. Let {u(z,t),a(t)} be any solution to problem (1)-(3), (5). Then multiplying both sides
of equation (1) by the function 2 cos \yx (k = 1,2, ...), integrating the obtained equality over x
from 0 to 1 and using the relations

1 d2 1
2/0 ugt(x,t) cos Agzdr = p7e] (2/0 u(z,t) cos )\k:vda:> =up(t)(k=1,2,..),

1 1
2/0 Uy (2, 1) cOs Agzdr = —)\2 ( /0 u(zx,t) cos A;ﬁdm) = —A%uk(t) (k=1,2,..),
1 1
2/ Utz (2, 1) cOs Apzdr = —)\2 ( / ug(x,t) cos)\kmd:c> = —)\2 ) (k=1,2,..)
0 0
1
2/0 Ugzzs (2, 1) cOS \prdr = A} (2/0 u(z, t) cos /\kmdx> = Mup(t) (k=1,2,..),

1 1
2/ Uttzzze (T, 1) cO8 Apzdr = N} <2/ u(zx,t) cos Amvda:) = Nup(t) (k=1,2,..)
0 0

we obtain that equation (11) is satisfied.

Similarly, the fulfilment of (12) is obtained from (2). Thus ug(¢) (k = 1,2,...) is a solution
to problem (11), (12).

As immediately follows from this the function ug(t)(k = 1,2, ...) satisfies to system (13) on
[0,7]. Lemma is proved. O
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It is obvious that if ug(t) = 2f0 x,t) cos \prdr (k= 1,2,...) is a solution of system (13),

then the pair {u(x,t),a(t)} of the functions u(z,t) = Y po | uk(t) cos A\yz and a(t) is a solution
to system (14), (16).

The above lemma implies the validity of the following
Consequence. Let system (14), (16) have a unique solution. Then problem (1)-(3), (5) cannot
have more than one solution, i.e. if problem (1)-(3), (5) has a solution, then it is unique.

Now, in order to study problem (1)-(3), (5) consider the following spaces.

1. Denote by B;T [19] the set of all functions u (z,t) of the form

t) = Zuk(t) COS A\, ()\k = g(Qk - 1)) )
k=1

Defined on D7, where each of the functions ug(t) (k=1,2,...) is continuous on [0,7] and

N[

Jr(u) = (Z()\Z ||uk(t)||C[O,T])2> < +oo.

k=1

The norm in this space is defined as
e, )7, = 7 ()

2. By E2 we denote the space of the vector functions {u(z,t), a(t)} such that u (z,t) € B3 b
a(t) € C[0,T] and equip this space by the norm

205, = Ntz Ol gz, + la@llcp -

Clearly, B 2 T and E5 are Banach spaces.
Now we consider in E5 the operator

O (u,a) = {P1(u,a), P2(u,a)},
where
Dy (u,a) = u(x,t) Zuk cos \gx, Po(u,a) = a(t),
k=1

ur(t) (k=1,2,..) and a(t) are the right hand sides of (13) and (16), correspondingly.
Obviously
\[

< Br < V2, \2[<<\f
Then we have

<Z(A2 Hak(t)HC[O,T])Q)

1
2

g2<i<xzr¢k\>2>2 +2v3 (if A1) ) -
k=1

N

k=1 k=1
. : . :
+2¢3?( / Z(Akm(fm%) +2V3 T [la(t)]l o 1 (Z<A2\|uk<t>||cm,ﬂ>2> . oan
k=1 k=1
lalcor = O] 4 UHO = FO0 oy +

V2 (Z Aﬁ)z (Z(Ai mn?) Y (Z(Ai w) +
k=1 k=1 k=1
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o0

T oo 3 2
+Vv3T </0 Z(Ai ’fk(T)DQdT) + V3T Ha(t)HC[O,T] (Z(AZ ||Uk(t)||0[0,T])2) .
k=1

k=1

+ (Z(Akufk(t)HC[O,T])2> + lla(®)llcom (Z(AZ \Uk(t)\|0[o,:r])2> ] } (18)

k=1 k=1

Assume that the data of problem (1)-(3), (5) satisfy the following conditions: |]

Iz )15y, < A(T) + Bi(T) lal®) oz a5, (19)
1a®)llco,ry < A2(T) + Ba(T) [lal®) | oro,ry 1wl )l 57 . » (20)
where
I I L BTV T

By (T) = 23T,

Ay(T) = H[h(t)]_lHC[o . {Hh"(t) - f(o?t)HC[O,T] + (i /\’;2> X x [H(p(g))(x)HLz(o 1) *
; k=1 ’

o oo

+ \/37T Hfz(xu t)HLQ(DT)

L2(0,1) )fo(x’t)”c[oﬂHL2(0_1J } s

By(T) = ‘

01 (S5°) 40

From inequalities (19)-(20) we conclude

i, )5 + 160 ez < AT) + BT la®llgo Itz Dl (21)

where

A(T) = A1(T) + Ax(T), B(T) = B1(T) + Ba(T).
So, we can prove the following theorem:

Theorem 2. Let conditions 1-4 be satisfied and
(A(T) +2)*B(T) < 1. (22)

The problem (1)-(3), (5) has a unique solution in the ball K = KR(HzHE% < R =AT) +2)
of the space E3..
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Proof. In the space E% consider the equation
z=®z, (23)

where z = {u,a}, the components ®;(u,a)(i = 1,2) of the operator ®(u,a) are defined by the
right hand sides of equations (14) and (16) .

Consider the operator ®(u,a) in the ball K = Kg from E3. Similarly to (22) we obtain that
the estimations

2]55. < AT) + BT la(®)logory N ), (24)

[@z1 — Pzl s <

< BD)R (Jlax(t) = az(®)lepoir) + s (@, ) = a1 ) (25)

for the arbitrary z, z1, 22 € Kr . Then, from estimates (24), (25), taking into account (22), it
follows that the operator ® acts in the ball and is contractive. Therefore in the ball K = Kp
the operator ® has a single fixed point {u, a} which is a unique solution to equation (23) in the
ball K = Kpg, i.e. {u,a} is a unique solution to system (14)-(16) in the ball K = Kp.

The function u(x, t) as an element of the space B;T has continuous derivatives u(z, t), uy(z,t),
Uz (T, 1), Ugpa (T, ), Upgwa (2, ) in Drp.

As one can easily see from

(Z()\ZHUZ@HC[O,TQQ) §ﬂ(Z()‘2||“k(t)||C[0,T])2> T

k=1 k=1

V2 el 1) + alt)uae 1) + bOuee o], o -

It implies that uy(z,t),ums (T, t), Uttes (T, 1) Uttgrs (T, T) Uttzraes (T, ) are continuous in Drp.

It is easy to check that equation (1) and conditions (2), (3) and (5) are satisfied in the
usual sense. Therefore, {u(x,t),a(t)}is a solution to problem (1)-(3), (5), and, by virtue of the
corollary of Lemma 1, it is unique in the ball K = Kg. The theorem is proved. O

Using Theorem 1, we prove the following

Theorem 3. Let all conditions of Theorem 2 be satisfied and

The problem (1)-(4) has unique classical solution in the ball K = Kpg <H2HE% <R=A(T)+ 2) .
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